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Abstract
We define a prime decomposition for a handcuff graph by 2-spheres each of which intersects the handcuff at exactly three points
and prove that every irreducible handcuff graph can be uniquely decomposed into a finite number of prime handcuffs and θ -curves.
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1. Introduction
Throughout this paper, we work in the piecewise linear category.
A θ -curve is a graph in the 3-sphere S3 which consists of two vertices and three edges, each edge joining the two
vertices. A handcuff is a graph in the 3-sphere S3 which consists of two circles joined by one edge. A graph is called a
TH-graph if the graph is a θ -curve or a handcuff. We fix an orientation of S3. In this paper, two TH-graphs are said to
be equivalent if there exists an orientation preserving self-homeomorphism of S3 taking one to the other. A TH-graph
Γ is said to be trivial if there exists a 2-sphere in S3 that contains Γ , and otherwise nontrivial.
The author defined a prime decomposition for a θn-curve, and proved that every nontrivial θn-curve is uniquely
decomposable into prime θn-curves [2,3]. In this paper, we extend the definition of a prime decomposition to the case
of handcuffs, and prove that each of a certain type of handcuffs is uniquely decomposable into prime TH-graphs.
Let Γ be a TH-graph. Let S be a 2-sphere in S3. We call S a cutting sphere of Γ if S does not contain the vertices of
Γ and meets the edges of Γ transversely at exactly one point. A TH-graph Γ is irreducible if there is not any cutting
sphere of Γ . Let Σ be a union of mutually disjoint 2-spheres Σ1,Σ2, . . . ,Σu−1 in S3. We call Σ decomposing
spheres of Γ if Σ does not contain the vertices of Γ and each Σi meets the edges of Γ transversely at exactly three
points (i = 1,2, . . . , u − 1). We note that each component of decomposing spheres separates two vertices of Γ . Let
v1 be a vertex of Γ , and v2 be the other vertex of Γ . For decomposing spheres Σ of Γ , let Bi,j be the 3-ball in S3
bounded by Σj which contains vi (i = 1,2, j = 1,2, . . . , u − 1). We may assume that B1,1 ⊂ B1,2 ⊂ · · · ⊂ B1,u−1 by
renumbering the decomposing spheres, if necessary. Let Γj be a TH-graph obtained from Γ by contracting B1,j−1
to a vertex, and B2,j to a vertex (j = 1,2, . . . , u) where we set B1,0 equal to v1 and B2,u equal to v2. Note that each
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Γj is a TH-graph and unique up to equivalence. Then we say that Γ is decomposed into Γ1,Γ2, . . . ,Γu by Σ and
denote it by Γ = Γ1#Σ1Γ2#Σ2 · · ·#Σu−1Γu or shortly Γ = Γ1#Γ2# · · ·#Γu. A TH-graph Γ is prime if Γ is nontrivial
and does not have a decomposition into two nontrivial TH-graphs. We say a decomposition Γ = Γ1#Γ2# · · ·#Γu is
prime if each Γi is prime.
Now, we are ready to state our result.
Theorem 1.1. Every nontrivial irreducible TH-graph Γ can be decomposed into a finite number of prime TH-graphs
Γ1,Γ2, . . . ,Γu. The TH-graphs Γi are uniquely determined up to order and equivalence.
Corollary 1.2. If a nontrivial irreducible TH-graph Γ does not have a local knot, then the order of Γis of a prime
decomposition Γ = Γ1#Γ2# · · ·#Γu is unique.
Remark 1.3. The definition of primeness of handcuffs is equivalent to the definition in [4].
Note that a trivial handcuff is reducible. And a reducible handcuff is not prime. For example, see Fig. 1, the dotted
circle represents a decomposing sphere.
2. Proof of theorem
Let Γ be a TH-graph. We set M = S3 − intN(Γ ), where N(Γ ) denotes a regular neighborhood of Γ in S3. For a
subset F of S3, we set Fo = F ∩ M . Let v1 be a vertex of Γ , and v2 be the other vertex of Γ .
First, we show some lemmas.
Lemma 2.1. Let Γ be an irreducible TH-graph. If Σ is a decomposing sphere of Γ , then Σo is incompressible in M .
Proof. Let Bi be a 3-ball bounded by Σ containing vi (i = 1,2). If Σo is compressible in M , then there exists a disk
Δ properly embedded in Bi for some i, such that Δ is disjoint from Γ , and ∂Δ does not contract to a point in Σo.
Let ∇ ⊂ Σ be a disk bounded by ∂Δ, which intersects Γ at one point. Then Δ ∪ ∇ is a cutting sphere of Γ . This is a
contradiction. 
In [5], Wolcott showed the following lemma.
Lemma 2.2. If a trivial θ -curve Γ is decomposed into Γ1 and Γ2 by Σ , then both Γ1 and Γ2 are trivial.
Lemma 2.3. Let Γ be a irreducible TH-graph. If Γ is decomposed into Γ1,Γ2, . . . ,Γu, then each Γi is irreducible.
Proof. Let Γ = Γ1#Σ1Γ2#Σ2 · · ·#Σu−1Γu be a decomposition of Γ by Σ = Σ1 ∪ Σ2 ∪ · · · ∪ Σu−1. Let Bi,j be the
3-ball in S3 bounded by Σj which contains vi . Note that Γj is obtained from Γ by contracting B1,j−1 and B2,j to a
vertex, respectively, where we set B1,0 equals v1 and B2,u equals v2. Suppose that Γj is reducible for some j . Then
there exists a cutting sphere S of Γj . Since Γ is obtained from Γj by replacing (N(v1),N(v1) ∩ Γj ) (respectively
(N(v2),N(v2) ∩ Γj )) with (B1,j−1,B1,j−1 ∩ Γ ) (respectively (B2,j ,B2,j ∩ Γ )), S induces a cutting sphere of Γ .
This is a contradiction. 
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trivial θ -curve.
Proof. Since Γ is prime, Γ is irreducible. Then Γ1 and Γ2 are irreducible by Lemma 2.3. Since the trivial handcuff
is reducible, we obtain that Γ2 is a trivial θ -curve. 
Proof of Theorem 1.1
The proof is divided into two parts: the proof of the existence and the proof of the uniqueness.
Proof of Existence. A decomposition Γ = Γ1#Γ2# · · ·#Γk is efficient if each Γi is nontrivial.
Lemma 2.5. For an irreducible TH-graph Γ , there is a non-negative integer m such that Γ cannot be efficiently
decomposed into more than m TH-graphs.
Proof. Let Γ = Γ1#Σ1Γ2#Σ2 · · ·#Σk−1Γk be an efficient decomposition. By Lemma 2.1, each Σoi is incompressible
in M . By Lemma 2.2, Σoi is not parallel to Σ
o
j in M (i = j ). Therefore by Haken’s finiteness theorem [1, III.24], the
set {k ∈ N | Γ = Γ1#Γ2# · · ·#Γk is efficient} is finite. This completes the proof. 
We set μ(Γ ) = max{k ∈ N | Γ = Γ1#Γ2# · · ·#Γk is efficient}. Consider an efficient decomposition Γ = Γ1#Γ2# · · ·
#Γm with m = μ(Γ ). It suffices to show that Γi is prime for any i. Suppose that Γj is not prime for some j . Since Γj is
decomposed into nontrivial TH-graphs Γ ′j and Γ ′′j , we have an efficient decomposition Γ = Γ1# · · ·#Γ ′j#Γ ′′j # · · ·#Γm.
This is a contradiction.
Proof of Uniqueness. Let Γ be a nontrivial irreducible TH-graph. Suppose that Γ admits the following two prime
decompositions:
Γ = Γ1#Σ1Γ2#Σ2 · · ·#Σm−1Γm = Λ1#Φ1Λ2#Φ2 · · ·#Φk−1Λk,
where m = μ(Γ ) and k m. Set Σ = Σ1 ∪ Σ2 ∪ · · · ∪ Σm−1 and Φ = Φ1 ∪ Φ2 ∪ · · · ∪ Φk−1. Then we may assume
that each component of Σ ∩Φ is a loop and that the number |Σ ∩Φ| of components of Σ ∩Φ is the minimum among
all pairs (Σ ′,Φ ′) of decomposing spheres of Γ such that Σ ′ (respectively Φ ′) is transformed to Σ (respectively Φ)
by an ambient isotopy in S3 fixing Γ as a set. Then any loop of Σ ∩ Φ does not contract to a point in Σo and Φo.
The case when there is no decomposing sphere is clear. We prove the assertion by induction on m. Suppose m > 1.
Let B1,B2, . . . ,Bm be the closures of the components of S3 − Σ such that B1 	 v1, Bm 	 v2 and ∂Bi = Σi−1 ∪ Σi
(i = 2,3, . . . ,m − 1). Similarly let C1,C2, . . . ,Ck be the closures of the components of S3 − Φ .
First, we consider the case B1 ∩ Φ = ∅. In this case, Σ1 decomposes Λ1 into Γ1 and Λ′1. Since Λ1 is prime,
and Γ1 is nontrivial, Λ′1 is a trivial θ -curveby Lemma 2.4. Hence Σ
o
1 is parallel to Φ
o
1 in M . This implies that Σ1
decomposes Γ into Γ1 and Γ ′, and Φ1 decomposes Γ into Λ1 and Λ′ such that Γ1 and Γ ′ are equivalent to Λ1 and
Λ′, respectively. Obviously Γ ′ admits the following two prime decompositions:
Γ ′ = Γ2# · · ·#Γm = Λ2# · · ·#Λk.
Since μ(Γ ′) = m − 1, our induction hypothesis implies that the prime decomposition of Γ ′ is unique and hence so is
that of Γ .
Next, we consider the case B1 ∩ Φ = ∅. The remainder of this section is devoted to the proof of this case. Since
Σ1 intersects Γ at three points, there exists an innermost disk Δ in Σ1 bounded by a component of Σ1 ∩ Φ such that
the interior of Δ is disjoint from Φ , and Δ intersects Γ at one point. Let Cj be a component which contains Δ, and
Φl be a component of Φ which contains ∂Δ. Notice that either l = j − 1, or l = j . Since ∂Δ does not contract to
a point in Φol , ∂Δ separates three points of Φl ∩ Γ in Φl . Let ∇ be a disk bounded by ∂Δ in Φl such that Δ ∪ ∇
bounds a 3-ball B in Cj . Since Cj ∩Γ consists of three arcs, ∇ intersects Γ at one point, and B ∩Γ is an arc properly
embedded in B . The minimality of |Σ ∩ Φ|, Δo is not parallel to ∇o in Bo. Let Φ ′l be a 2-sphere which is obtained
from Δ ∪ (Φl − int∇) by pushing a little into int Cj . Φ ′ decomposes Λj into Λ′ and Λ′′. One of these, which isl j j
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obtained from the closure of a component of Cj − Φ ′l containing B , is nontrivial. Since Λj is prime, the other is a
trivial θ -curve by Lemma 2.4. It implies that Λj is a θ -curve with a local knot (B,B ∩ Γ ), see Fig. 2.
We will show that there exists a θ -curve Γi which is equivalent to Λj in each of the following cases, and then show
the uniqueness of the decomposition.
Case 1. intB ∩ Σ = ∅.
Let Bi be a component which contains ∇ . Notice that either i = 1, or i = 2. Since ∇ is an innermost disk in Φl ,
we obtain that Γi is a θ -curve with local knot (B,B ∩ Γ ) by the same argument as in the case of Δ and Cj . Thus Γi
is equivalent to Λj .
Case 2. intB ∩ Σ = ∅.
A component X of B ∩ Σ splits B into two components. Let SX be the closure of a component of B − X which
contains Δ and PX the closure of the other component of B − X. Consider a component F of B ∩ Σ such that
intPF ∩ Σ = ∅. For simplicity, PF is denoted by P . Note that ∂F is contained in ∇ , and ∇ intersects Γ at one point.
Since each component of ∂F does not contract to a point in Φol , components of ∂F are arranged concentrically around
one point ∇ ∩ Γ . Since an arc B ∩ Γ connects Δ and ∇ , and F splits B , one of the following cases holds.
Case 2-1. F is a disk which intersects Γ at one point.
Case 2-2. F is an annulus which does not intersect Γ .
Set E = P ∩Φl , then E is homeomorphic to F . Let Bi be a component which contains E, and Σt be a component
of Σ which contains F .
Consider Case 2-1. Since E is an innermost disk in Φl , we obtain that Γi is a θ -curve with a local knot (P,P ∩Γ )
by the same argument as in the case of Δ and Cj . Note that (P,P ∩ Γ ) is pairwise homeomorphic to (B,B ∩ Γ ).
Thus Γi is equivalent to Λj .
Consider Case 2-2. The minimality of |Σ ∩ Φ|, Fo is not parallel to Eo in P . Let Σ ′t be a 2-sphere which is
obtained from E ∪ (Σt − intF) by pushing a little into int Bi . Σ ′t decomposes Γi into Γ ′i and Γ ′′i . One of these, which
is obtained from the closure of a component of Bi − Σ ′t containing P , say Γ ′i , is nontrivial. Since Γi is prime, the
other is a trivial θ -curve by Lemma 2.4. It implies that Γi is a θ -curve. Let E1,E2 be components of Φl − intE, and
F1,F2 be components of Σt − intF such that ∂Ei = ∂Fi . Note that S3 − intP is a solid torus, and Eis and Fis are
separating disk systems with common boundaries. Then either |Ei ∩Γ | = |Fi ∩Γ | for i = 1,2, or |Ei ∩Γ | = |Fi ∩Γ |
for i = 1,2 holds. In both cases, Γi is equivalent to Λj , see Fig. 3.
Now we consider a new TH-graph Γ ′ which is obtained from S3 − intB by identifying Δ with ∇ in Case 1, from
S3 − intP by identifying F with E in Case 2. Obviously Γ ′ admits the following two prime decompositions:
Γ ′ = Γ1# · · ·#Γi−1#Γi+1# · · ·#Γm = Λ1# · · ·#Λj−1#Λj+1# · · ·#Λk,
hence, μ(Γ ′)  m − 1. We note that Γ ′ is also obtained from Γ by replacing (B,B ∩ Γ ) with (B0, t0) in Case 1,
where (B0, t0) is a trivial 1-string tangle, and by replacing (P,P ∩Γ ) with (P0, t0) in Case 2, where (P0, t0) is a trivial
1-string tangle (respectively, solid torus) in Case 2-1 (respectively in Case 2-2). Then, Σt is also a decomposing sphere
of Γ ′, where t = 1 in Case 1.
Claim. μ(Γ ′) = m − 1.
Proof. Suppose that Γ ′ admits the following prime decomposition:
Γ ′ = T1#Ψ T2#Ψ · · ·#Ψ TN .1 2 N−1
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Set Ψ = Ψ1 ∪ Ψ2 ∪ · · · ∪ ΨN−1. Let D1,D2, . . . ,DN be the closures of the components of S3 − Ψ such that D1 	
v1,DN 	 v2 and ∂Di = Ψi−1 ∪ Ψi (i = 2,3, . . . ,N − 1). We may assume that each component of Σt ∩ Ψ is a loop
and the minimality of |Σt ∩ Ψ | as in the case of Σ and Φ .
First, we consider the case Σt ∩Ψ = ∅. Let Dn be a component which contains Σt . Σt decomposes Tn into T ′n and
T ′′n . Since Tn is prime, one of these, say T ′n, is a trivial θ -curve by Lemma 2.4. Let D′n be the closure of a component
of Dn −Σt , from which T ′n is obtained. In Case 1, we may assume that B0 ⊂ intDn. We note that Γ is obtained from
Γ ′ by replacing (B0, t0) with (B,B ∩ Γ ). Let Ψ0 be a component of ∂{(D′n − intB0) ∪ B} which is not a component
of Ψ . Ψ o0 is not parallel to each component of Ψ
o in M . Then we have N efficient decomposing spheres Ψ0 ∪ Ψ for
Γ . Hence N m − 1. In Case 2, by the same argument as in the Case 1, we have N m − 1.
Next, we consider the case Σt ∩Ψ = ∅. Let γ be a point of Σt ∩Γ ′ separated from other two points of Σt ∩Γ ′ by
∂Δ in Case 1, by ∂F in Case 2. There exists an innermost disk Δt in Σt bounded by a component of Σt ∩Ψ such that
the interior of Δt is disjoint from Ψ , and Δt contains γ . We may assume that Δ ⊂ intΔt in Case 1, that F ⊂ intΔt
in Case 2. Let Dn be a component which contains Δt , and Ψs be a component of Ψ which contains ∂Δt . Notice that
either s = n − 1, or s = n. Let ∇t be a disk bounded by ∂Δt in Ψs such that Δt ∪ ∇t bounds a 3-ball Bt in Dn. Since
Dn ∩ Γ ′ consists of three arcs, ∇t intersects Γ ′ at the same number of points of Δt ∩ Γ ′. Let Σ ′t be a 2-sphere which
is obtained from Δt ∪ (Ψs − int∇t ) by pushing a little into intDn. Then Σ ′t is a decomposing sphere of Γ ′. By the
same argument as in the first case, we have N efficient decomposing spheres for Γ . Hence N m − 1. 
Since μ(Γ ′) = m− 1, our induction hypothesis implies that the prime decomposition of Γ ′ is unique and hence so
is that of Γ . 
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